One-mode type interacting Fock spaces
Let H R be a real Hilbert space and H its complexification. We will use the scalar product symbol , in both cases. One can think of them as of real and complex L 2 (R + ). Let ω i , i = 0, 1, . . . be a sequence of positive numbers such that if ω j = 0 then ω k = 0 for all k > j. The corresponding one-mode type interacting Fock space is a Hilbert space On it we define the creation operator c * ( f ) to be the same as the free creation:
In [ACL] the authors use the operators Λ α defined by the following relations:
where α = {α j } ∞ j=0 can be any sequence of real numbers. They need them to construct the field operators Q α ( f ):
which are the building blocks of their central limit theorem. The symbol f in the above definition denotes a vector from the real Hilbert space H R , this can be for instance the indicators χ [k,k+1) when H R = L 2 (R + ), as it is in [ACL] . Since the operators Q α ( f ) are always used with the argument f such that f = 1, we would like to use other field operators F ( f ) that would coincide with Q α ( f ) for f = 1 and would be linear also in f . The part that requires attention is the number operator component. Let {e j }, j = 1, 2, . . . be an orthonormal basis of the space H R . We define the preservation operator Λ :
where α n (e j ), n = 0, 1, 2, . . . is a sequence of real numbers for every j = 1, 2, . . ..
Remark 1 The operator
it is bounded whenever α n (e j ), n = 0, 1, . . . are bounded for each j = 1, 2, . . . , N. For such f we denote
The operator F ( f )
is now linear in f :
In [AB] the authors prove that the operator F ( f ), where f ∈ H with f = 1, has spectral distribution given by a measure µ. The moments of the measure µ are equal to the vacuum state of powers of
and its Cauchy transform in continued fraction form is:
We are concerned with the problem of expressing the convolution measure µ of two measures µ 1 and µ 2 with respective Cauchy transforms
defined as the spectral measure of the sum of the operators F ( f 1 ) + F ( f 2 ), where f 1 = f 2 = 1 and f 1 , f 2 = 0, for a choice of α n ( f j ) = α j,n corresponding to µ 1 and µ 2 .
Theorem 1 Let µ 1 , µ 2 be probability measures with compact support and Cauchy transforms given by (3) and (4). Let f 1 , f 2 ∈ H R be orthonormal vectors such that the spectral measure of F ( f i ) be µ i for i = 1, 2. Then the convolution measure µ defined as the spectral measure of the operator
is the universal convolution µ = µ 1 u µ 2 with Cauchy transform in the form
Proof: By linearity we have F
. Since the norm f 1 + f 2 = √ 2, we cannot use directly the Accardi-Bożejko result on F ( f 1 + f 2 ). We write g =
. Let us take a look at the explicit action of F (g) on elementary tensors:
We can apply the Accardi-Bożejko result to the above and we get that the measure ν corresponding to the operator F (g) has the following Cauchy transform:
In the paper [ACL] the authors prove a theorem (Theorem 5.1 together with Corollary 5.1), to which we shall present another proof using the properties of the relating convolution.
Theorem 2 Let µ be a mean-zero probability measure on (R, B) with moments of all orders and Jacobi coefficients {ω n }, {α n }, n = 0, 1, . . .. Let F L 2 (R + , C) , {γ j } be a one-mode type complex interacting Fock space with parameters γ j such that ω j = γ j γ j−1 . Let {c j } be a bounded sequence with the property that C) , and
Then for any k
Proof: We first note that f j , f k = δ j,k . Moreover, we could require just this condition and drop the assumption on the specific form of the f j 's. We shall also drop the assumption on µ having mean zero. We then look at the action of the operator c j Λ α :
From the above we see that we can find an operator Λ :
The moments of the spectral measure of the operator
will thus be the same as the moments of the spectral measure µ N of the operator
, where F ( f j ) is defined as in equation (2). We can now use the result on the Cauchy transform of convolutions to the measure µ N : 
